Results
Let L be a lattice. We call a congruence relation Θ of L isoform, if any two congruence classes of Θ are isomorphic (as lattices). Let us call the lattice L isoform, if all congruences of L are isoform.
G. Grätzer and E. T. Schmidt:
Theorem 1. Every finite distributive lattice D can be represented as the congruence lattice of a finite isoform lattice L.
G. Grätzer, E. T. Schmidt, and R. W. Quackenbush:
Theorem 2. Every finite lattice K has a congruence-preserving extension to a finite isoform lattice L. A uniform lattice is always regular, so the lattices of Theorem 4 are also regular.
Here is the result of the construction for D = C 4 .
Pruning:
Let A and B be bounded lattices. Redefine ≤ on A × B (A − = A − {0, 1}):
The diagram of N (B 2 , B 2 ):
is a lattice. The meet and join in N (A, B) of ≤ N -incomparable elements can be computed using the formulas: 
. . , p n that generate an ideal isomorphic to B n and satisfy
Let D be a finite distributive lattice with n join-irreducible elements.
Let us assume that, for all finite distributive lattices with fewer than n join-irreducible elements, there exists a lattice L satisfying Theorem 5 and properties (P) and (Q). 
The congruences of L 1 corresponding to the q i 's are pairwise incomparable and therefore can be written in the form Θ(0, p i ) and the p i 's generate an ideal I 1 isomorphic to B k .
Isoform lattices
We go beyond groups and rings:
Let L be a lattice. We call a congruence relation Θ of L isoform, if any two congruence classes of Θ are isomorphic. Let us call the lattice L isoform, if all congruences of L are isoform.
G. Grätzer and E. T. Schmidt:
Theorem 6. Every finite distributive lattice D can be represented as the congruence lattice of a finite isoform lattice L.
Since isomorphic lattices are of the same size, Theorem 6 is a stronger version of Theorem 4.
The previous figure shows that a uniform lattice is not necessarily isoform (look at the two black-filled elements).
Representation theorems
There are two types of representation theorems: (a) The straight representation theorems. (b) The congruence-preserving extension results.
CPE defined
Let K be a finite lattice.
A finite lattice L is a congruence-preserving extension of K, if L is an extension and every congruence Θ of K has exactly one extension Θ to L-that is, Θ| K = Θ.
Of course, then the congruence lattice of K is isomorphic to the congruence lattice of L.
The basic technique for CPE results:
Cubic extensions
and call it a cubic extension of K. With the diagonal embedding, K is a sublattice of R(K).
The congruence lattice of R(K) is a finite Boolean lattice; the number of atoms is the same as the number of join-irreducible congruences of K.
Every congruence of K extends to R(K).
CPE result
Theorem 7. Every finite lattice K has a congruence-preserving extension to a finite isoform lattice L.
Separable lattices
A finite lattice A is separable, if it has an element v that is a separator, that is, 0 ≺ v ≺ 1.
Pruned lattices
For a finite poset P , and a family S p , for p ∈ P , of separable lattices, we construct a poset on the set S = ( S p | p ∈ P ).
Examples:
If P is unordered, then ≤ is the same as ≤ S .
In the smallest not unordered example, P = {p, q} with p < q; the figure below illustrates what we get: S p = S q = C 3 , the three-element chain; the two edges of C 2 3 that are not edges of L are dashed.
Next the poset "hat": P = {p, q, r} with p, r < q, with the lattices S p = S q = S r = C 3 = {0, v, 1}:
Four edges of C 3 3 are missing in L; on the diagram these are marked with dashed lines.
Applying this costruction, we have to assume that each S p is simple. So even the smallest example is fairly large. Again, let P = {p, q} with p < q and S p = S q = M 3 = {0, a, b, v, 1}. This is what we get: 
The fundamental theorem
Let a = a p p∈P , b = b p p∈P ∈ L, and let q ∈ P ; we shall call q ∈ P an {a, b}-fork, if a q = b q = v and a q ′ = b q ′, for some q ′ > q.
and Let L be a finite lattice. A congruence Θ of L is algebraically isoform if, for every a ∈ L, there is a unary algebraic function p(x) that is an isomorphism between 0/Θ and a/Θ. The lattice L is algebraically isoform, if all congruences are algebraically isoform.
Problem 4. Does every finite lattice has a congruence-preserving extension to an algebraically isoform finite lattice?
The congruence restriction problem.
